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The method of local  potential  is used to solve the B6nard p rob lem in a uniform magnetic f ield 
in the case  when the two boundary sur faces  are f r ee .  The resu l t s  obtained are in agreement  
with those known f rom the l i t e ra tu re .  

The thermodynamlc  theory  of stabil i ty,  possess ing  a considerable  degree  of general i ty  (which enables 
different  sys tems  to be descr ibed  f rom unified positions),  distinguishes two approaches:  the f i rs t  connected 
with Lyapunov's  second method [1], when the cha rac te r i s t i c  function is taken to be the deviation of  the entropy 
f rom its value in the s ta t ionary state (62S)0 [2, 3]; the second, the method of local potential  [3-5], connected 
with the method of cha rac te r i s t i c  indices.  The la t te r  method is used by us to investigate the B~nard problem 
in a uniform magnetic field. 

We consider  a thin layer  of  incompress ib le ,  conducting, e l ec t r i ca l ly  neut ra l  fluid of thickness d heated 
f rom below and si tuated in gravi tat ional  and uni form magnetic f ields.  We assume that the fluid is noupolar iz-  
able andtha t the  displacement cur ren t  can be neglected.  Introducing the dimensionless  quantit ies 

7, . d - ~, :~ ir-/i, 
xi=--d- '  V i = V i - - ; v  t =  t--d-V; T =  -A-T; H i =  ~ (1) 

we obtain using Maxwell 's equations the following express ions  for  the balance of mass ,  momentum, magnetic 
field intensity, and heat t r anspor t  in the Boussinesq approximation: 

where 

OV~ = O, 
Ox~ 

OVl + p # ,  ova Q . ,  _ - o  (/.+P,Q . , )  d, (2) 
1 Ot Oxj P~ Oxj Ox~ P= 2 -  +Pw2Vt@[I~aAT(T--T~215 

Pt OH,ot - P f l i  . -5 ~ v ' H i ,  

OT OT 
Pl ~ "  = V 2T - - P l V i - - ,  

c)x I 

P I =  v__; p , =  v ~4.~t~v; Q - --,P'H*d2 �9 H +=H~. 
• 11 4npv~ 

We investigate the stabil i ty of the s teady state of a fixed layer  of fluid si tuated between two surfaces  at 
constant t e mpe ra tu r e s  T o and T 1 in a uni form magnetic field d i rec ted  along the z axis. The steady state is 
descr ibed  by the equations 

i/st /~.t T st ; = 0 ;  ~ ~ u ;  --=T ~  
(3)  

p s t _  [1 - -  ahT (T st - -  T~ 
p0 
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where  T ~  p0 denote the t e m p e r a t u r e  and dens i ty  On the  l ower  boundary ,  and ~=(0 ,  0, 1). 

V i = U  z, H~ H st T st ' = ~ +h~, T =  -r 
p = p~ + 6p, p = p S 3 + f p ,  

we obtain  the  s y s t e m  of  p e r t u r b e d  equa t ions  

OU~ = O, 

Oxt 

p~ OU,at - ax~a (@ + P' / + R~,,o + P~v"-u, + --F[QZj P' axj 

w h e  r e  

p O0 
1-~- -- P!Ui~'i = V 20, 

p Oht =p l z j~U*  + P* 

R d~AT~g 
ZV 

Applying the c u r l  o p e r a t o r  twice  to  the s e c o n d  equat ion  and mul t ip ly ing  by X i, we a r r i v e  at 

0 O"q3 020 + P w ' U z  -r Q v~h~, 
v, W vW,= P' o,--r+ ov--r - g  �9 

p O0 __ p IU ,  = v~O, 'W 

P1 al~= = p aUz _~= 
at oz + v~h:" 

In t roduc ing  tnto (6) the p e r t u r b a t i o n s  

g ives  the equa t ions  

U s = W (z) cos k~,x cos kuy exp ~t, 

h z = h (z) cos k,~x cos kvy exp ~l, 

0 = 0 (z) cos k~x cos kvy exp ~t 

. P 1  
Px ( D  2 - -  k ~) D 2 - -  k ~- - -  [~) W -? - ~  QD (D 2 - -  k 2) h = URO, 

(3  2 - -  le 2 - -  Px~) 0 = - -  P ,W,  (D ~ - -  U - -  P.2~) h ----- - -  P2DW 

where  

d ~ D n 
dz n ' 

whose  solut ions  mus t  s a t i s fy  the bounda ry  condi t ions  

W---- 0---- 0 for 

and 

k2 k2 2 = x + k y ,  

z ~ 0 ,  z--= | 

Set t ing 

(4) 

(5) 

(6) 

(7) 

DW = 0 on a rigid boundary, 

D~-W = 0 on a free boundary, 

and h is continuous with the external field for a nonconducting boundary and equals zero on a perfectly conduct- 

ing s u r f a c e .  

The s t a t i o n a r y  s t a t e w i l l  be uns tab le  if He f t>0 ,  and s table  if  He3  <0.  The case  Heft =0 d e t e r m i n e s  a 
c r i t i c a l  s ta te  s epa ra t i ng  r eg ions  o f  s tabi l i ty  and ins tab i l i ty .  I f  I m 3  =0 (pr inciple  o f  change of  s tab i l i ty  sa t i s f ied) ,  
the c r i t i c a l  s ta te  is s t a t i ona ry ;  o the rwi se ,  it is o sc i l l a t ing  ( supers tab i l i ty ) .  
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I f  the p r inc ip le  o f  change  of  s tab i l i ty  holds ,  we obtain,  se t t ing  B =0 in (7), 

Pz ( D~ - -  ks) 2 W + Pz QD (D s - -  k S) h = kSRO, 
Ps 

( D  ~ - -  k 2) 0 = - -  P 1 W ,  (8) 
(D ~ - -  k ~) h ---- ~P=DW. 

The s t r u c t u r e  o f  the equat ions  o f  s y s t e m  (8) is such  that  the n u m b e r  of  unknown functions can be r e d u c e d  
by e l imina t ing  some  of  t h e m  (for example ,  h o r  O, h). Thus ,  by i n se r t i ng  the l a t t e r  equat ion of  s y s t e m  (8) 
into the f i r s t  o r  by us ing  the o p e r a t o r  (D 2 - ka), a l lowing f o r  the second  and t h i r d  equat ions ,  we obtain 

Pl [( D~ - -  k2) 2 - -  Q Ds] W = k~RO, (D ~ - -  k s) 0 ---- - -  P1W (9) 

and 

(D 2 - -  k ~) [(D s - -  ks) s - -  QD s] W = - -  RkSW (10) 

with c o r r e s p o n d i n g  boundary  condi t ions .  

In many  e a s e s  it is v e r y  difficult  and even  imposs ib l e  to find the  exac t  e igenfunct ions  and f requenc ies ,  
and fo r  this  r e a s o n  it is advantageous  to  e m p l o y  the  v a r i a t i o n a l  t echnique  o f  loca l  potent ia l  [3, 5]. In o r d e r  
to  obtain the loca l  potent ia l  we mul t ip ly  the second,  th i rd ,  and four th  equat ions  in (2) by - 6Ui, - 6 0, - 5hi, add, and 
in tegra te  by p a r t s  t e r m s  conta in ing 6U i and 60 r e m e m b e r i n g  that  

OA, 6 A , -  0 (6A3 "2 0 AO6Ai 
Ot Ot 2 Ot 

(A t is a s c a l a r ,  o r  the  component  of  a v e c t o r  o r  t enso r )  and that  6U l and 60 equal  z e r o  on the boundary .  We 
then  find that  

{ ( -~  ) OU~ --RO~ @ = y dv - -  6pC+ Q~ih~ " Oxt 

P~ OU~ x~ P~-~ho  OU i , 1 ( O0 ~2 
+ - 2 - (  q ' ' Oxj -r - -  

p~ Oh, [ OV~ v ooo Oh ~  ]l p,~ (v2h ~ h~ - -  PlkjU ~ + P1 -- 0 + L r' -ot ,a -h ' J /  (n) 

The poten t ia l  �9 depends  on two types  o f  v a r i a b l e :  f luc tuat ing and nonvary ing .  The l a t t e r  we indicate  by the 
s u p e r s c r i p t  0. 

It is evident  tha t  6~=0  fo r  addit ional  condi t ions  leads  to  the s y s t e m  o f  equa t ions  (2) and A # > 0 .  A c c o r d -  
ingly [3], �9 is a sui table  potent ia l  of  ou r  p r o b l e m .  

Choos ing  

U z -= W (z) cos k~x cos kvy exp [~t; 

hz == h (z) cos k~x cos kvv exp [3t; 

Ux = _ k~_ (DW) cos k,sy sin k~x exp 13t; 

h~ = - -  k__~ (Dh) sin k~x cos kvy exp [3t; (12) 
" k s  " 

kv (DW) cos k~x sin kvy exp [~t; v v = -  -kT 

- - -  ~ (Dh) cos k~x sin k~y exp ~/; h~s 

0 : 0 (z) cos k~x cos k,sy exp ~3t 

( s imi l a r  e x p r e s s i o n s  are  chosen  fo r  the  nonvary ing  quant i t ies)  and subs t i tu t ing  into (11), we obtain the  po ten -  
t i a l s  

~ -- , dz {--ROOW +-P2~- [ksW2 + 2(DW)~ + - ~-( (D~W)~] + 
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a n d  

-}- ~ Q h o --  k- q. (Dehg) (DW) 4- [(DO) e q- k~O ~] - -  

P, [h(D, kS) hO }_ 1 (Dh)(D~__kS)(DhO)]__p~wo04 - 
P, V 

+ P1 [ ( D ' - - k ' ) W  o (Dh)-I- - ~  (DW~ + 

[ l (DW)(DWO)4-_~_(DhO)(Dh)] } + p~po WW o i- O0 ~ q- hh ~ 4- --~ (13) 

{ 1 ] eP ~ = .fd z - -  RO~ 4- k'W s q- 2 (DW) s -q- ~ (D~IF) ~ + 

[ ] [ 1 ]} __ p,woo _ P_.L h (D ~ -- k ~) h ~ -}- --~ (Dh) (D ~ -- k s) (Dh ~ -~ V~ W ~ (Dh) 4- - ~  (DW ~ (D~h) 
Ps 

(14) 

by the E u l e r - L a g r a n g e  equat ions,  given by  the s y s t e m  of equations (7), (8) for  the additional conditions Ai= 
A[. In the s a m e  munner  as above it is poss ib le  to obtain potent ia ls  that  depend on a s m a l l e r  number  of  un-  
known ftmctions.  Thus,  for  example ,  on making the subst i tut ion 

A? -+ (D 2 - -  k s - -  Psi) A~, 

AiA~'-~ A~ ( D~ --  k2-- Psi) Ai 

in t e rms  containing W "and taking account of the third equation of (7), or  making the substitution 

A? -~ (D s - -  k s - -  Pe~) ( ms - -  kS - -  P,~) A?, 

A~A i -+ A, (D e --  k ~ - -  Pefl) (D s --  k s --  PI~) A, 

and taking account of the second and third equations of (7), it is possible to convert (13) to 

~ :: S dz {-- R (D~-- ke-- Ps[~) O~ 4- ~ -  [k~W (De-- k~-- Pe~) W -:- 

i (D2W) (0 s -- ks __ (D2W) ] -: 2 (DW) (D ~ -- k 2 -- P-2~) (DW) 4- - ~  P,,~) -- 
1 

--P1Q [(DW~ -~-.(D3W~ ] (DW) 4- ~ [(DO)" 4- keo~] - 

and 

{ Pl[ q92 :~ .~dz --  RW (D ~ --  k e --  P~) P,W ~ 4- ~ -  k2W (D 2 --  k z --  P2[J) "..< 

1 (D~W) (D 2 _ k~ _ P~3) ( D~ " k  ~ - -  P,~)  ( D ~ W )  • (D~ - -  k ~ - -  P & )  W + - ~ -  

4- 2 (DW) (D 2 -- k e --  Pe~) ( De -- ke - P,~) (DW) ] --  PIQ (DW) X 

•176176176 2 -  

(16) 

which depend on two and one unknown hmct ions ,  r e spec t ive ly .  T r i a l  functions are chosen depending on the 
type of boundary s u r f a c e s .  

Let us zons ider  the case  when both boundary su r f aces  are  f r ee .  
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a) Appearance of Instabili ty as Stati0na~j Convect ion.  Substitution of the th i rd  equation of (8) into (14) 
leads to the express ion  

P~ [k~W~+ 2(DW)~+ -~-, (D2Wf] + , v l  = ~ dz {-- ~oo~, + 

+ -~-, Q(DW)(DW~ + I [(DO)' + k*O']--P~W~ (17) 

which is the potential  of p rob lem (9). 

We p r e sc r i be  the unknown ftmctions in the fo rm 

W ~- A sin gz; 0 = B sin nz; W ~ = A ~ sin az; O ~ ----- B ~ sin nz, (18) 

where the constants Ai, B i are  de termined f ro m  the condition 

0 0 = 0 ,  Ao_-A, ,  

~, ~v ~ B ~ = B~, (19) 

o I~o = l~. 
At. B i ,  A i 

In this  manner  we obtain 

which gives 

P I  
k s [k 4 + 2~2k ~" + z 4 + Qn2l A - -  R B  = O, 

- -  PxA + (a ~ + k ~) B = O, 

k ~ 

In a s imi l a r  manner  potential  (14) and t r i a l  functions 

with conditions (19) give 

which reduces  to (21). 

(20) 

(n* + k*) i(a~ + k~)~ + ~*Ol. (21) 

at 

W=Asinnz;  0=Bs innz ;  h = C c o s n z  (22) 

P1 O n(u z + k  s) C = 0 ,  
P2 ks 

- -  P2~A + (~  + k") C = 0,: 

P I  " 2 -~-  (~x + k ~) A - -  RB -~ 

- -  P1A + (r~ 2 + k ~) B = 0, 
(23) 

b) Appearance of Instabili ty as Oscillating Convection. Utilizing (13) and per turbat ions  (22), we a r r ive  

f rom which we f'md 

Plk ~ (a2 + k ~ + 13 ) (~2 + k2) A - -  RB + 72P1 Q- - ~  ~ (rd" + k ~) C = O, 

- -  P1A + ( ~  + k 2 + Px[i) B ---- 0, 

- -  P~uA + (k 2 + n 2 + P~[3) C = O, 

(24) 

(k2 + nz + p1~)(~2 + k2)[(k~ + m2 + p2[~ ) (k2 + .~2 + [~) + z~2Q] = Rk2 (z~2 + kz + P2~)- (25) 

In a s imi la r  manner  potential  (15) and per turbat ions  (18) o r  (16) and W =A sin IIz again give (25). 

It follows f rom (25) [6] that for  oscil lat ing solutions to exist  the condition ~ > V m u s t b e s a t i s f i e d .  Then, 
fo r  given Pl and P2, supers tabi l i ty  is possible only ff Q is g r ea t e r  than a cer ta in  Q1 

The resu l t s  obtained b y t h e  thermodynamic  method using var ious  local  potentials thus coincide among 
themse lves  and with the exact  solution, which is connected with the fortunate choice of the t r i a l  functions. 

The use of potentials  with a sma l l e r  number  of unknown functions is to be p r e f e r r e d  since this  reduces  
the degree of a rb i t r a r ines s ,  which inc reases  as the number  of functions being var ied  inc reases ,  and enables 
a be t t e r  choice to be made as the amount of information on the conditions imposed on them accordingly also 
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increases .  Furthermore,  the possibility Of increasing the number of variable parameters  arises,  which makes 
the t r ia l  functions more flexible without noticeably incre.asing the volume of computations. 

The method continues to workquite effectively in those cases when the number of unknown functions can- 
not be reduced, although perhaps slightly less accurately. 

N O T A T I O N  

V1, Hi, components of velocity of center of mass and magnetic field intensity; p, density; p, pressure;  
/~, magnetic susceptibi~ty; T, temperature;  ~t, thermal  diffustvlty; a, e lectr ical  conductivity; ce, coefficient 
of thermal  expansion; )~, vector  with components (0, 0,!) ;  V, Hamtltonian operator;  AT, temperature  drop 
between boundaries. 
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E F F E C T S  OF T H E R M O E L A S T I C  S T R E S S  DURING 

HONING ON C O M - P O N E N T  D I M E N S I O N S  

A.  N. R e z n i k o v ,  T .  N. B e l y a e v a ,  
a nd  G.  N. G u t m a n  

UDC 621.923. 5 �9 539.3 

Equations are given for the temperature  distribution and thermoelast ic  deformations arising 
in the workpteee and tool during honing, as well as a method for determining the corrections 
for the temperature  e r r o r s  in adjusting automatic-control devices. 

The uses of honing are extending continually; when the process is introduced, it is usually necessary  to 
provide automatic monitoring of werkpiece dimensions. 

In turn, the setting-up procedure for the monitoring requires  information about the e r r o r s  arising from 
thermal  expansion of the workpIece and the tool, since the lat ter  can be very  important, especially for thin- 
wailed components. 

The thermal  deformation can be determined from the temperature distribution produced in the workpiece 
1 and honing rod 2 (Fig. 1), with subsequent calculation of the deformation on the basis of the theory of elast ic-  

ity. 

The hone rotates at a relat ively high speed, and the area of contact with the workpiece is fairly large, 
so one can assume that the temperature  over the entire inner surface of the component is the same to a first 
approximation and equal to the contact temperature 0 c. We may also suppose that the outer surface A of the 
workpiece 1 (Fig. 1) has boundary conditions of the third kind, since this surface is usually cooled by a con- 
tinuous flow of liquid. 

The temperature of the coolant (kerosene) and the initial temperature  of the workpiece may be taken as 

nominally zero.  

Translated from Inzhenerno-Fizicheskii  Zhurnal, Vol. 30, No. 6, pp. 1119-1126, June, 1976. Original 
article submitted April 24, 1974. 

I This material is protected by copyright registered in the name o f  Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No part 
o f  this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, 
microfilming, recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $ Z 50. 

738 


